This article is a study of the solution set of a discrete isoperimetric problem.
Introduction and list of results
Denote by B n the n-dimensional unit cube, i.e. the collection of all n-dimensional vectors with each coordinate equal to 0 or 1, and by ( ; ) the Hamming distance between vertices in B n . Let A B n . Then~ 2 A is called an inner point of A i S n 1 (~ ) A, and a boundary point otherwise (where S n r (~ ) is the ball around a point~ with the radius r in the metric ). Denote by P(A) (?(A)) the collection of all inner (boundary) points of A. A set A B n is said to be optimal if j?(A)j j?(B)j for any B B n , jBj = jAj.
This article is a study of the collection of optimal subsets of B n . It is known (see 1, 3, 6] ) that one of the m-element optimal sets is the standard arrangement L n m , de ned as the initial segment of length m of the following numbering (denoted below by L) of the vertices of B n . The vector0 = (0; :::; 0) is given the number 1. Suppose that all the vectors in B n with coordinate sum (norm) less than k have already been numbered, along with some vectors of norm k, We give the next largest natural number to the lexicographically greatest unnumbered vertex of B n of norm k. Let S(A) = f~ 2 A : S n 1 (A) \ P(A) = ;g be the collection of free points of A. A set A is said to be critical if S(A) = ;. The empty set will be regarded as a critical set too. Denote by N n m the collection of all m-element optimal noncritical subsets of B n . It is shown in Section 2 that the construction of the sets in this class reduces to the construction of the optimal critical sets.
It is known (see 1, 3, 4] ) that if L n m is the critical set then any m-element optimal subset is also critical. Such numbers m are called critical cardinalities. Denote by M n m the collection of all optimal subsets with the critical cardinality m. A description of all the sets in the class M n m is given in 4]. In is easy to show (see Corollary 3.7.1) that the number of critical cardinalities equals 2 n?1 .
Denote by K n m the collection of all m-element optimal critical subsets of B n . Notice that there exist some m, for which K n m = ;. One of our main results is Theorem 3.1, in which it is shown that if A is an optimal set, then so is P(A). On the basis of this
Theorem we obtain in Section 4 a su cient condition for K n m = ;. Thus, all the solutions of the isoperimetric problem are found for such cardinalities m. In the same Section we also show that the number of these cardinalities asymptotically equals 2 n?3 . Moreover, a necessary and su cient condition for K n m = ; is found.
In Section 5 we show that for any subset of B n there exists an optimal subset of a cube of higher dimension that in a certain sense is analogous to it in structure. This result re ects well the di culties arising in the description of all solutions of the isoperimetric problem and at the same time gives a method for constructing certain optimal critical subsets.
A theorem on reducibility
Let m be an arbitrary integer with 1 < m < 2 n . We show how to construct all optimal m-element sets. Denote by m 0 the critical cardinality closest to m from below, i.e., m 0 = m ? jS(L n m )j, and let m 1 ; :::; m l (m o < m 1 < < m l m) be all the integers for which there exist optimal critical sets of those cardinalities in B n . We construct l + 1 families F i of m-element sets. For this we consider all m i -element optimal critical sets (0 i l + 1) and for each such set A we construct Let A be an optimal set. If A 2 K n m , then A 2 F l . Let A 2 N n m and~ 2 S(A). We show that A n~ is an optimal set. Assume that A n~ is nonoptimal set and let B B n be an optimal (m ? 1)-element set. Then for~ 2 B n n B one has jP(B ~ )j jP(B)j > jP(A n~ )j = jP(A)j; which contradicts the optimality of A. Since P(A n~ ) = P(A), then S(A n~ ) = S(A) n~ , i.e. the removal of a free point~ from A leads neither to the appearance of a new free point in A n~ nor to the disapiarance of an old free point.
Thus, by removing free points from A su ciently many times, we get that for any A N n m there exists a critical optimal set B, uniquely determined by A of cardinality jAj ? jS(A)j. We now prove that jBj m 0 , i.e. jBj = m i for some i. For this it su ces to show that jS(A)j jS(L n m )j. Assume that s 1 = jS(A)j > jS(L n m )j = s 2 . We construct an optimal subset C by removing s 2 arbitrary free points from A. Since L n m?s 2 is critical, jP(A)j = jP(C)j = jP(C n~ )j > jP(L n m?s 2 ?1 )j for~ 2 S(C). Contradiction. Thus, jBj m 0 .
Note that if A is an optimal q-element set and m 0 q m, then jP(A)j = jP(L n m 0 )j. Therefore, if B is an optimal m i -element set, then by adding m ? m i arbitrary points to B we get an optimal set. Since for any A 2 N n m there exists precisely one optimal critical set B A, jBj = m ? jS(A)j m 0 , the sets from l i=0 F i are pairwise distinct. Theorem 3.1 If A if an optimal set then so is P(A).
In order to prove Theorem 3.1 we need some auxiliary propositions.
Lemma 3.1 P(L m n ) is an optimal set.
Since P(L m n ) is a standard set, the proof follows. We partition the cube B n with respect to the coordinate x i and denote by A Therefore in all cases we get that~ 2 D, i.e., D is a standard arrangement. Corollary 3.1.1 If A is an optimal set, then so is P s (A) for s = 1; :::; n. Corollary 3.1.2 Let A B n be an optimal set and jAj = m. Then jP s (A)j = jP s (L n m )j for s = 1; :::; n. Corollary 3.1.2, in particular, implies that if A is an optimal m-element set and the number m is represented in the form m = P k i=0 n i + , 0 < n k+1 , then jP k (A)j = jP k (L n m )j. Moreover it is obvious that P k+1 (A) = P k+1 (L n m ) = ;. Thus, Corollary 3.1.2. not only implies the equality P k (A) 6 = ;, which is equivalent to S n k (~ ) 2 A for some~ (cf. 1], Theorem 6.1), but also yields the possibility of determining the number of such points.
This number equals to jP k (L n m )j and can be found from known formulas 7]. Corollary 3.1.3 Let A be an optimal critical set and jAj = m < n 2 + n + 1. Then A is a union of exactly jP(L n m )j balls of radius 1.
This corollary can be regarded as a description of the structure of optimal sets of small cardinality.
For the solution of many applied problems (see 1, 5] for example) it is required to consider the set G t (A) = f~ 2 B n n A : (~ ; A) tg and to nd a subset A B n with jAj = m on which the minimum of the functional jG t (A)j is attained. Denote this problem by I t . Corollary 3.1.4 If A is a solution of problem I t , then it is also a solution of problem I r for any r > t.
The Corollary is proved by applying Theorem 3.1 to the set B n n A with the equality G t (A) = (B n n A) n P t (B n n A). This equality in particular implies, that L n m is a solution of problem I t .
Denote by J t the problem of constructing a set A of xed cardinality with k~ k = k for any~ 2 A on which the functional jG t (A) \ f~ : k~ k = k + tgj attains a minimum. Corollary 3.1.5 If A is a solution of problem J t , then it is also a solution of problem J r for any r > t.
This corollary follows from Corollary 3.1.4. and from the fact that L n m is a solution of problem I t .
Let R is an arbitrary numbering of vertices of B n by the numbers 1; 2; :::; 2 n . We say that a set A is generated by the numbering R if A consists of the vertices of B n with indices 1; 2; :::; m. It is of de nite interests to nd all numberings generating optimal subsets for any m. Such numberings are called optimal numberings. There are many examples of extremal problems on B n with solutions generated by appropriate numberings. The possibilities of representation of optimal sets by the optimal numberings are re ected in the following theorem. Theorem 3.2 Let A B n be an optimal m-element critical set generated by an optimal numbering R. Then m is a critical cardinality. Lemma 4.1 If A is an optimal set of critical cardinality. Then G(A) is also an optimal set of critical cardinality.
Proof.
We prove this by induction on n. For n = 2 it can be checked directly. Let us proceed the inductive step for n 3. We say that A B n is a set of standard arrangement type if it can be obtained from L n m by some permutation of the coordinates of B n and a \translation" of the resulting set by some vector~ 2 B n . We call a coordinate x i of B n minimal for a set 2. There exists a point~ 2 A such that S n k (~ ) A S n k+2 (~ ). 3. If S n k (~ ) A S n k+1 (~ ), then A is a set of standard arrangement type. Without loss of generality we assume that S n k (0) A S n k+2 (0), where0 = (0; :::; 0). Let x i be a minimal coordinate for A. Since A is not a ball, then it f follows from Lemmas 3.2 and 3. Proof of Theorem 4.1. Assume the contrary, i.e. A 2 K n m 6 = ;. Since A is a critical set, then A = P(A) \ G(P(A)). Taking into account that P(A) is an optimal set by Theorem 3.1 and applying Lemma 4.1 to the set P(A), we get that A is an optimal set of critical cardinality, i.e., A 6 = o(2 n?3 ). The goal of the subsequent considerations is to obtain a necessary and su cient condition for K n m 6 = ;. We say that a set B is conjugate to a set A B n if B = B n n P(A), and we write B = A . Lemma 4.2 The set A is critical set for any A B n .
Assume on the contrary that~ 2 S(A ) 6 = ;, i.e., S n 1 (~ ) \ P(A ) = ;. Note, that 6 2 P(A). Then~ 2 ?(A) n S(A), since otherwise one has S n 1 (~ ) \ P(A) = ;, i.e., S n 1 (~ ) A and~ 2 P(A ). Now, if for some vector~ 2 S n 1 (~ ) \ A 6 = ; the inclusioñ 2 ?(A ) holds, then~ 2 ?(A), so~ 2 P(A), i.e.,~ 6 2 A . A contradiction. A set B B n is said to be P-optimal if it has the smallest possible number of boundary points among all sets with the same number of inner points. Denote by g(m; n) the number of boundary points of an P-optimal set B B n with P(B) = m. Theorem 4.2 For the existence of an m-element optimal critical set A B n it is necessary and su cient that m ? p(m; n) = g(2 n ? m; n).
Proof.
If A is an optimal critical set, then j?(A)j = m?p(m; n), ?(A) = ?(A ), B n nA = P(A ), jP(A )j = 2 n ? m and A is a P-optimal set, which implies the necessity of the condition in the Theorem.
If B is a P-optimal set and jP(B)j = 2 n ? m, then ?(B) = ?(B ), B n n P(B) = B , jB j = m and B is an optimal critical set.
Therefore, the problem of nding optimal critical sets reduces to the problem of nding P-optimal sets and conversely. In fact, the both problems are equally complex, as the results in the next Section show. However, in some cases, especially for small n, Theorems 4.1 and 4.2 are very useful for nding all optimal critical sets.
5 Construction of sets in the class K n m Let A B n be an arbitrary critical subset, optimal or nonoptimal. We use it to construct a set B B n+1 as follows. Let us partition the cube B n+1 into two n?cubes x n+1 = 0 and x n+1 = 1. We construct the set A in the subcube x n+1 = 0 by setting the (n + 1)-st coordinate to 0 for each point~ 2 A, and we construct the set P(A) similarly in the subcube x n+1 = 1. Let denotes this transformation of the set A into B, i.e., B = (A) and let s (A) = ( s?1 (A)), 0 (A) = A. Using the induction on s it is easy to show that if A B n is a critical set, then s (A) is a critical subset of the cube of dimension n + s. The main result of this Section is the following theorem.
Theorem 5.1 For any critical set A B n there exists the number t(A) such that for any t t(A) the set t (A) B n+t is a critical optimal set.
In order to proof the Theorem we need three auxiliary propositions. transformation , we get that P r?2 ( n 1 +n 2 (A)) is an optimal set and so on r times. Since d( t (A)) = d(A) and r d(A) + 1, then t(A) = n 1 + n 2 + + n r is a nite number and t(A) (A) is an optimal critical set (in n + t(A) dimensions). Finally, for t t(A) the Theorem follows from Lemma 5.2. Note that t(A) (A) is an optimal set of critical cardinality i A is an optimal set of critical cardinality. Indeed, if jAj = m is a critical cardinality and m + jP(A)j = t, then (L n m ) = L n+1 t by Lemma 5.1. But L n m is a critical set, so L n+1 t is a critical set too, i.e. t is a critical cardinality.
On the other hand, let t(A) (A) = B be an optimal set. If jBj is a critical cardinality, Therefore, if A is an optimal critical set and A 6 2 K n m (i.e. jAj is a critical cardinality), then j t (A)j is a critical cardinality too for all t, t 1,i.e., t (A) 6 Corollary 5.1.1 Let k(n) = jfm : 1 < m < 2 n &K n m 6 = ;gj. Then k(n + 1) k(n).
It follows from Theorem 5.1, that the collection of optimal critical sets of noncritical cardinality distinguishes itself by its great diversity. In order to demonstrate this more clearly we consider the following construction. Let A B n be an arbitrary critical set, not necessary optimal. Note that such a set may be represented (not uniquely) as a union of n-dimensional balls with radii at least one, i.e. A = S n r 1 (~ 1 ) S n rt (~ t ); 1 r i n; 1 i t: The simplest example of such representation is A = S~ 2P(A S n 1 (~ ). Moreover, any set that is a union of such balls is critical.
We x one of such representations of a critical set A B n and construct a set B B n+1 as follows. Let the cube B n+1 be partitioned into two n-dimensional subcubes x n+1 = 0 and x n+1 = 1. In the subcube x n+1 = 1 we construct points~ i (1 i t) by setting the (n + 1)-st coordinate of~ i equal to 0, and the remaining n coordinates equal to the same as for point~ i . Let B = S n+1 r 1 (~ 1 ) S n+1 rt (~ t ) B n+1 : The structures of sets A and B have much in common. In fact B is obtained by \extending" A in a space of large dimensions. It is useful to compare the similarity between A and B with the similarity between the balls S n r (~ ) B n and S n+1 r (~ ) B n+1 . Denote by the transformation of A into B, and let s (A) = ( s?1 (A)) and 0 (A) = A. Note, that if A B n is a critical set, then for any t 1, the set t (A) B n+t is also a critical set. Corollary 5.1.2 For any critical set A B n there exists a number q(A), such that for any t q(A) the set t (A) is optimal and critical (in n + t dimensions). with indices n + 1; :::; n + q are equal to 1 and n+1;:::;n+q (~ q ) 2 P q (A). To complete the proof it remains to observe that P q (A) = ; for q d(A). 
